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Abstract 

In this paper, we will obtain the strong type and weak type estimates 
of intrinsic square functions including the Lusin area integral, Littlewood- 
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1 Introduction and main results 

Let = M" x (0,oo) and <pt(%) = t~ n ip(x/t). The classical square function 

(Lusin area integral) is a familiar object. If u(x,t) — Pt * f(x) is the Poisson 
integral of /, where Pt{x) — c n ^ 2+ ^2y n +i)/2 denotes the Poisson kernel in 

Then we define the classical square function (Lusin area integral) S(f) 
by (see @] and PU) 



1/2 

S(f)(x)= I // \Vu{y,t)\ 2 t l - n dydt X 



where T(x) denotes the usual cone of aperture one: 

T(x) = {(y,t)eRl +1 :\x-y\<t} 

and 

^2 n 

E 

i=i 



\Vu(y,t)\ 2 



du 
at 



du 



2 



9Vj 

Similarly, we can define a cone of aperture 7 for any 7 > 0: 
T 7 (x) = {(y,t)£R; +1 : \x-y\<jt}, 
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and corresponding square function 

S 7 (f)(x)=( [[ |V«(»,t)|V- B dydt 

\J JV 1 (x) 

The Littlewood-Paley g-function (could be viewed as a "zero-aperture" version 
of S(f)) and the g^-function (could be viewed as an "infinite aperture" version 
of S(f)) are defined respectively by (see, for example, [13] and [14]) 

g(f)(x)=lj o \Vu(x,t)\ 2 tdt 

and 

rf(/)(») = (// k „ +1 

The modern (real- variable) variant of S~/(f) can be defined in the following 
way (here we drop the subscript 7 if 7 = 1). Let 1/) G C°°(M n ) be real, radial, 
have support contained in {x : \x\ < 1}, and J R „ ip{x)dx = 0. The continuous 
square function S^ n {f) is defined by (see, for example, [I] and [2]) 

s*M{x) = (JJ v J^*^)l 2 iS) 1/2 - 

In 2007, Wilson |22] introduced a new square function called intrinsic square 
function which is universal in a sense (see also [23] V This function is indepen- 
dent of any particular kernel ip, and it dominates pointwise all the above-defined 
square functions. On the other hand, it is not essentially larger than any par- 
ticular S J j, ! j(f). For < j3 < 1, let Cp be the family of functions ip defined on 
K" such that ip has support containing in {x G R" : \x\ < 1}, J Rn ip(x) dx = 0, 
and for all x, x' G K'\ 

\<p(x) - <p(af)\ < \x-x'f. 
For (y, t) G and / G Lj oc (R n ), we set 

Ap(f)(y,t) = sup \ f*<p t (y)\= sup 

Then we define the intrinsic square function of / (of order /3) by the formula 



Sp (/)(*) = 




We can also define varying-aperture versions of Sp(f) by the formula 






A > 1. 



/ <Pt(y-z)f(z)dz. (l.l) 
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The intrinsic Littlcwood-Paley tj-function and the intrinsic ^-function will be 
given respectively by 

/ r°° / \ 2 dt\ 1/2 

and 

1 /2 

Si ' (/)(l, ^(//. r .(rr^) A "( A » (/) <''' 1 )) 2 ^) .*> L < L5 > 

In [23] , Wilson showed the following weighted L p boundedness of the intrinsic 
square functions. 

Theorem A. LetO </3<l,l<p<oo andw G A v (Muckenhoupt weight class) 
Then there exists a constant C > independent of f such that 

\\Sp(J)\\i4, < cil/lk,- 

Moreover, in [7], Lerner obtained sharp norm inequalities for the intrinsic 
square functions in terms of the A p characteristic constant of w for all 1 < p < 
oo. For further discussions about the boundedness of intrinsic square functions 
on various function spaces, we refer the readers to [51 [TSJ HH [2U1 121) . 

Before stating our main results, let us first recall some definitions about the 
weighted Herz and weak Herz spaces. For more information about these spaces, 
one can see O [ITJ [16] and the references therein. Let B k = B(0, 2 k ) — 
{x G M™ : \x\ < 2 k } and C k = B k \B k _i for any k e Z. Denote \k = Xc k for 
k G Z, Xk — Xk if k G N and xo = X Bq > wner e X E ^ s the characteristic function 
of the set E. For any given weight function w on l n and < q < oo, we denote 
by the space of all functions / satisfying 

ll/lk = (7 I/OOIM*) ' < oo. (1.6) 

Definition 1.1 ([8]). Let a 6 1, < p, q < oo and w\, ui2 be two weight 
functions on R". 

(a) The homogeneous weighted Herz space K^ ,p (w\,W2) is defined by 
K^( Wl ,w 2 ) = {/ G Ll c (R n \{0},w 2 ) : \\f\\ k «, P[wuW2) < oo}, 

where 

\fcez / 
(6) T/ie non-homogeneous weighted Herz space K^' p {w\,W2) is defined by 

K°*(w u w 2 ) = {/ G LL(K".^) : ||/||^ (wi , wa) < oo}, 
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where 

/ oo \ i/p 

ii/ik- M = (E^(^r p/ ii/^iikJ ■ ^ 

For any k G Z, A > and any measurable function / on R™, we set Ek(X, /) = 
{ieft: |/(z)| > A}. Let £ fe (A,/) - E k (X, f) for fe G N and £ (A,/) = {x G 
B(0,l):|/(aO|>A}. 

Definition 1.2 f|ll|). Le£ a G R, < p, q < oo and w\, w 2 be two weight 
functions on W l . 

(c) A measurable function f(x) on R 11 is said to belong to the homogeneous 
weighted weak Herz space WK™ ,p (wi,w 2 ) if 



< oo. 



supA [wi(B k )] ap/n [w 2 (E k (X,f))] p/ A ^ 

(1-9) 

(d) A measurable function f{x) onR™ is said to belong to the non-homogeneous 
weighted weak Herz space WK q x ' p (wi,w 2 ) if 

I oo \ VP 

l|/|U-(^ 2 ) =supA ^[^(^^[^(^(A,/))]^ 9 < oo. 

A>0 \fc=Q / 

(1.10) 

Obviously if a = 0, then i^> 9 («;i, w 2 ) = K^(w 1 ,w 2 ) = i« 2 (K") for any 
< g < oo. We also have WK°> q (wi,w 2 ) = WK°' q (w u w 2 ) = WX* 2 (R n ) when 
a = and < q < oo, where 

WfWwLl = supA ■ G R" : |/(a:)| > \}) 1,q < oo. (1.11) 

A>0 

Thus, weighted (weak) Herz spaces are generalizations of the weighted (weak) 
Lebesgue spaces. The main purpose of this paper is to consider the bounded- 
ness of intrinsic square functions on weighted Herz spaces with A p weights. At 
the extreme case, we will also prove that these operators are bounded from the 
weighted Herz spaces to the weighted weak Herz spaces. Our main results in 
the paper are formulated as follows. 

Theorem 1.1. Let < /3 < 1, <p < oo, 1 < q < oo. Wi G A qi and w 2 G A q2 . 

Then Sp is bounded on K q ,p (wi,w 2 ) (K q ,p (wi,w 2 )) provided that w\ and w 2 
satisfy either of the following 

(i) wi = w 2 , 1 < qi = q 2 < q and -nqi/q < aqi < n(l - q 2 /q); 

(ii) wi ^ w 2 , 1 < qi < oo, 1 < q 2 < q and < aqi < n(l — q 2 /q). 

Theorem 1.2. Let < /3 < 1, < p < 1, 1 < q < oo, wi G A qi and w 2 G A q2 . 

If 1 < q± < oo, 1 < q 2 < q and aqi = n(l — q 2 /q), then Sp is bounded from 
k«*(wx,w 2 ) (K«>p(wi,w 2 )) into WK%' p (w u w 2 ) (WK^ p (wi,w 2 )). 
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Theorem 1.3. Let < /3 < 1, < p < oo, 1 < q < oo, w± £ A qi and w 2 £ 
A q2 . If X > max{<72,3}, then G\ a is bounded on K q ,p {wi,w 2 ) (K" ,p (wi,W2)) 
provided that wi and w 2 satisfy either of the following 

(i) wi = w 2 , 1 < qi = q 2 < q and —nqi/q < aq% < n(l - 92/9); 

(ii) wi ^ w 2 , 1 < qi < 00, 1 < (72 < q and < aqi < n(l — Qi/q)- 

Theorem 1.4. Let < (3 < 1, < p < 1, I < q < 00, wi £ A qi and 

w 2 £ A q2 . If 1 < qi < 00, 1 < q 2 < q, aqi — n(l — q 2 /q) and A > max{g 2 , 3}, 
then Q\a is bounded from K^' v {w\,w-i) {K^' p {w\,W2)) into WKg ,p (wi, w 2 ) 
(WK°' p ( Wl ,w 2 )). 

In [22 , Wilson also showed that for any < /3 < 1, the functions Sp(f)(x) 
and Gp{f){x) are pointwise comparable, with comparability constants depending 
only on /? and n. Thus, as a direct consequence of Theorems 1.1 and 1.2, we 
obtain the following: 

Corollary 1.5. Let < /? < 1, 0<p<oo, 1 < q < oo,wi £ A qi and w 2 £ A q2 . 

Then Qp is bounded on K q ,p {w\,w 2 ) (K q ,p (wi,w 2 )) provided that ui\ and w 2 
satisfy either of the following 

(i) wi = w 2 , 1 < q\ = q 2 < q and -nqi/q < aqi < n(l - q 2 /q); 

(ii) W\ ^ w 2 , 1 < qi < oo, 1 < q 2 < q and < aqi < n(l — q 2 /q). 

Corollary 1.6. Let < j3 < 1, < p < 1, 1 < q < 00, wi £ A qi and w 2 £ A q2 . 

If 1 < qi < 00, 1 < q 2 < q and aqi = n(l — q 2 /q), then Qp is bounded from 
K^ p (wi,w 2 ) {K^ p {wi,w 2 )) into Wk^ p {wi,w 2 ) (WK^ p (w u w 2 )). 



2 A p weights 

The classical A p weight theory was first introduced by Muckenhoupt in the study 
of weighted L p boundedness of Hardy-Littlewood maximal functions in [12] . A 
weight w is a nonnegative, locally integrable function on R™, B = B(xo,rB) 
denotes the ball with the center xq and radius r^. For any ball B and A > 0, 
XB denotes the ball concentric with B whose radius is A times as long. For a 
given weight function w and a measurable set E, we also denote the Lebesgue 
measure of E by \E\ and set weighted measure w(E) = J E w(x) dx. We say that 
w is in the Muckenhoupt class A p with 1 < p < 00, if there exists a constant 
C > such that for every ball B C K" , 

(w\l B w{x)dx ) [w\L w{xrl, ^ 1)dx T x - c - (2 - i} 

For the endpoint case p = 1, w £ Ai, if 

7^-7 / w{x)dx < C ■ essiniw(x) for every ball BCM" (2.2) 
\B\ J B xeB 
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where C is a positive constant which is independent of the choice of B. The 
smallest value of C such that the above inequalities hold is called the A p charac- 
teristic constant of w and denoted by [w]a ■ If there exist two constants r > 1 
and C > such that the following reverse Holder inequality holds 

(pjj- y W ( X Y dx ^ <c{^J w(x)dx^j for every ball B C M™ . (2.3) 

then we say that w satisfies the reverse Holder condition of order r and write 
w E RH r . It is well known that if w € A p with 1 < p < oo, then uj € A q for all 
q > p. Moreover, if w G A p with 1 < p < oo, then there exists r > 1 such that 

w e itff r . 

The following properties for A p weights will be repeatedly used in this paper. 

Lemma 2.1 ([3]). Let w € A p with p > 1. Then, for any ball B, there exists 
an absolute constant C > sttc/i £/ia£ 



w(2B)<Cw(B). (2.4) 
In general, for any X > 1, we have 

w{\B) <C ■ X np w(B), (2.5) 
where C does not depend on B nor on X. 

Lemma 2.2 ([3J Let to e j4 p n RH r , p > 1 and 7- > 1. TTien i/iere eiisi 
constants C\, C2 > smc/j i/iai 

H« ^^Hw (2 - 6) 

/or any measurable subset E of a &aH _B. 

Throughout this article, C always denotes a positive constant which is inde- 
pendent of the main parameters involved, but may vary from line to line. 



3 Proofs of Theorems 1.1 and 1.2 

Proof of Theorem 1.1. We only need to show the theorem for the homogeneous 
case because the proof of the non-homogeneous result is similar and so is omitted 
here. Let / g Kq' p {w\,w<i). Following [TU], for any k £ Z, we decompose f(x) 
as 

f(x) = f{x)X{2*-i<\x\<2>*+i}{x) + f(x)X{\x\<2>>-2}{x) + /WX{| I |>2'+1}W 

= h(x) + f 2 (x) + f 3 (x). 
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Since .S^ (0 < (i < 1) is a sublinear operator, then we can write 



J2[MB k )] ap/n \\Mf) Xk \\ p L 



(W!,W 2 ) 



<c^T,[ w ^T P/ lMfi)x k \\ p Li 

i=i fcez 
= h + h + h- 



Since W2 <E A q2 and 1 < q 2 < q, then W2 £ A q . By Theorem A and Lemma 2.1, 
we have 



h<c^[MB k )] ap/n \\h\\ P Ll2 

/cGZ 



fcez 



< C 1 1 f 1 1 P ' cv 

— II"' llifJ' p («Ji,tu 2 )' 

For the term I 2l we first use Minkowski's inequality to derive 

h < [MB k )] ap/n ( £ \\MfXt)Xk\\ L A • 



For any ip £ Cp, < (3 < 1 and (y, t) G we have 

|(/x*) *<^t(y)| = 



/ ft(v - z)f{z)dz 

Jl^<\z\<1 1 



|/(*)|d*. (3.1) 

'{2«- 1 <|z|<2' ! }n{z:|i / -z|<t} 

For any x <E C k , (y,t) G and z e < |z| < 2 ( }n%i) with £ < fc-2, 

then by a direct computation, we can easily see that 

2t > \x - y\ + \y - z\ > \x - z\ > \x\ - \z\ > M. 
Thus, by using the above inequality (3.1) and Minkowski's inequality, we deduce 

/ \ 1/2 

2 dydt \ 



\Sp(fXe)(x)\ 



( sup \(fxe) * ¥>t{y) 
r(x) v veCf, 



t n+\ 



< C 



< C 



<C- 



JM J\ x -v\<t Ji^< 

I \M\dz 

J2 e - 1 <\z\<2 e 



\f(z)\dz 



' dydt \ 



1/2 



2 e - 1 <\z\<2 i 



dt 

\f(z)\dz). 



1/2 



(3.2) 
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Denote the conjugate exponent of q > 1 by q' = q/(q — 1). Applying Holder's 
inequality and the A q condition, we can deduce that 

/ \f(z)\dz<( [ \f(z)\iw 2 (z)dz) /q ( [ w 2 (z)- q ' /q dz^ 

J2 e - 1 <\z\<2 1 \J2 e - 1 <\z\<2 e J \ J2 e - 1 <\z\<2 e 

<C-\Be\[w 2 (B e )]~ 1/q \\fxe\\ Ll2 . (3.3) 
Substituting the above inequality (3.3) into (3.2), we thus obtain 

fc-2 ( r n l/q\ P 



h < CJ2 [MB k )] ap/n E (/ \S (f Xe )(x)\ 9 W2 (x)dx) 

fcSZ Woo U2*-i<|x|<2* J 



fcez 

fe-2 



Here, we shall consider two cases. For the case of < p < 1, using the well- 
known inequality (J2e \ a e\) P < l°^l p an d changing the order of summation, 
we find that 

r <rVLfB^ p/ "llfv f ( V '^ |P M^)F /g MMl) 
/J M ^ )] l|/X£|L - L&2 ^ ' ' M^F^ J • 

Moreover, it follows immediately from Lemma 2.1 that 

Since Bfc D when k > I + 2 and e A gi for i = 1,2. Then by Lemma 

2.2, we can get 

Therefore 

I -i p-aq 1 p/n~q 2 p/q\ 



i,<c^[MB t )r /n \\fxi\\ p Lla [ e 



\fe=£+2 
oo 



\k=0 



\Be+2\ 



\B k \ 

< CE [wi(Bi)] ap/n \\f X i\\ P L , lj22- kn( - p - aqip/n - q2p/q) 

^EM^I/x^W 
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where the last inequality holds since aqi < n(l — q 2 /q)- On the other hand, for 
the case of 1 < p < oo, we will use Holder's inequality to obtain 

( \B t \ {w 2 (B k )]i/i a/n .. I, y 

<(x^ r <R^ n \\ f p l^l p/2 Mg fc )F /2g Mgfc)T^ \ 



X 



£=-oo 

i^| P ' /2 [w 2 (S fc )] P ' /29 K(B fe )]^'/2n 



E 



Using the same arguments as above, we can also prove the following estimates 
under the assumption that aqi < n(l — qijq)- 

f> \B e \^ [w 2 (B k )]P^ [ Wl (B k )]^ 



and 



Hence 



^ W 72 MgfcjF^!! N(^)r' /2 " f , fil 



^EMrtii ( £ '^ |P/2 M * fc)]P/2 ' K( ^ )]aP/2n ^ 



i i+2 \B k \p/* [w 2 (B e )]p/^ MB/)]°*/ 2 "_ 



Summarizing the above estimates for the term I 2 , we obtain that for every 
< p < oo, 

Let us now turn to estimate the last term I 3 . In this case, for any x £ C k , 
(y,t) e T(x) and z E {2 e ~ 1 < \z\ < 2 e } n with £ > k + 2, it is easy to 

check that 

\z\ 

2t > \x - y\ + \y - z\ > \x - z\ > \z\ - |x| > i-i. 
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Then it follows from the inequality (3.1) and Minkowski's inequality that 

' dydt 



\Sp{fxe){x)\<c[ f° ° f t~ n j 

\ JH J\x-y\<t J2t-* 



<c( [ \f(z)\dz)([ 



\f{z)\dz 



2 . ,.\ V2 



<\z\<2 f - 

1/2 



t n+l 



dt 



. fi t 2n+1 

<c(f 4 (3-7) 
This estimate together with (3.3) implies 

\Sp{fxt){x)\ <C-j^-( [ \f(z)\dz) 

<C- [MBi)r l/q \\.fxi\\ Ll2 - (3.8) 

Hence 



h < cY, [MB k )] ap/n ( J2 \ f \Se(f X t)(x)\ g w 2 (x)dx) 1/9 ) 

fe 6 Z \t=k+2 U2*-i<|x|<2* J J 

<Cj2[MB k )r /n ( f] [MBt)r 1/9 \\fxe\\ L , { I M*)dx 

Now we will consider the following two cases again. For the case of < p < 1, by 
using the inequality (J^ £ |a^|) P < l a ^l P an d changing the order of summation, 
we obtain 

T < C\~^ Un (Ft \\ ap l n \\ f v || p f V M^)F /g \MBu)] a ^ n \ 

h < [MB,)] \\fxe\\ Ll2 ^M^- Kra ^J 
< [MB,)] ||/x,|U 2 ^ [w2( ^_ 2)]p/9 - K( ^_ 2)]qp/ „J • 

Since G A qi , then there exist r» > 1 such that G i?i? ri for i = 1,2. Thus 
by Lemma 2.2 again, we can get 

Wi (B k ) £C fp\V^ forz = land2j (3 . 9) 



w l (B e - 2 ) ~ \\B t 
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where Si = (rj — l)/rj > 0. Therefore, we have 



e-2 r 



\k— — oc 



\B, 



aSip/n+S 2 p/q^ 



where in the last inequality we have used the fact that aSip/n + S2p/q > under 
our assumption (i) or (ii). On the other hand, for the case of 1 < p < oo, an 
application of Holder's inequality gives us that 

( ^ M5fc)] 1/g r ,„ xia/n,,, „ V 

L? +2 m^' [ i( fc)] ll/X£ ' k J 

</" v r ms\°*' n \\t r Mg^!! M^)r /2 " \ 



^ 2 M^r /2 « ' [u>i(B/)] ap, / 2n y 



By using the same arguments as for 7 3 , we are able to prove that the following 
two series is bounded by an absolute constant under the assumption (i) or (ii). 

and 

Consequently 

<rvr,wB^r p/ "iifv r f v Mg^!! M^)r /2 " \ 



<C^[MBe)] ap/ lfx4 P Ll - 



From the above discussions for the term 7 3 , we know that for any < p < oo, 
h<Cj2[MB e )] ap/n \\fx4 P Ll <C\\f\ 



\Kq ,P (w 1 ,W 2 )' 



11 



Summing up the above estimates for I\, I 2 and I 3 , wc complete the proof of 
Theorem 1.1. □ 

Proof of Theorem 1.2. Let / £ K^' p {w\,W2)- For any k £ Z, as in the proof of 
Theorem 1.1, we will split f(x) into three parts 

fix) = f{x)X{2"-^<\x\<2^}{x) + f(x)X{\x\<2*-*}(x) + f{x)X{\x\>2"+^}{x) 

= h(x)+h(x)+h{x). 



Then for any given A > 0, we have 

\p [ Wl {B k )] ap ' n w 2 ([x £ C k : \Sp(f)(x)\ > \}) P/q 

feez 

3 , 

<T, XP ■T,[ w ^r P/n ^({x G C k : \Sp(fi)(x)\ > A/3}) P " 

i=l fceZ 
= I> 1+ I>+I>. 

Applying Chcbyshev's inequality, Theorem A and Lemma 2.1, we obtain 



<C^[ Wl (S fc )] Qp/ "||/i l|P 



feez 

,^ n .M«p/"|| All 

^ q 

<Cj2[MB k )] ap/n \\f Xk \\ P Li 

feez 
ip 



— ^\\f \\Kq' P (wi,W2)' 

For any i e ft, it follows from the inequalities (3.2) and (3.3) that 



fc-2 



\S (f 2 )(x)\ < ]T \S p {fxt)(x)\ 
By using Lemma 2.1, the inequality (3.4) and the fact that aq\ = n(l — q2/q), 
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we deduce that 
\Sp(f2)(x)\ <C 



[ Wl (B k )]^[w 2 (B k )]yi 

fc-2 



a/n 



x [ Wl (B e) ] \\f Xe \\ Ll2 ■ ^ ■ [w2{Be+2)]1/q ■ [wi{Be+2)]a/n 

<C- 



l=-oo 

1 



[ Wl {B k )]^[ W2 {B k )Y/i 

fe-2 /|R , v l- a q 1 /n-q 2 /q 

«£J-™ril'*Mw) 

fe-2 



" C ' K(s fe )]«A> 2 (s fe )]V, t Wl a/ " II Ik • 

Moreover, since < p < 1, then we have that for any x £ C k , 

/fe-2 \ VP 

l^'l fi c • m^mbsp (,£ M*>n"l/»Eg 

- ^ ' [ Wl (B k )]^[w 2 (B k )}^ ll^k^™)- ( 3 - 12 ) 

Set A k = [w 1 {B k )]- a / n [w 2 (B k )]- l li. If {a; G ft : |«S^(/ 2 )(x)| > A/3} = 0, 
then the inequality 

7 2 ^ ^ll/ll^-"^!,^) 

holds trivially. Now we suppose that {i £ ft : \Sp(f 2 ){x)\ > A/3} ^ 0. First 
it is easy to verify that lim^oo A k = 0. Then for any fixed A > 0, we are able 
to find a maximal positive integer k\ such that 

A/3<CA feA ||/||^, P(wiW2) . (3.13) 

Hence 



kx 

i' 2 <x p J2 lMB k )r /n [w 2 (B k yp/i 



k— — oo 

<r \\ f \\p v M^)r /K N(g fc )] p/g 

Because B k C Bfc x , then by Lemma 2.2 with the same notations Si as in (3.9), 
we can get 

MBu) <C (M\\ for i = 1 and 2. 

"fex I / 



Wl (s fcA ) - \\b 
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Therefore 

< Cll f \\ p - 

— \\ J II kq ,p (wi,w 2 )' 
On the other hand, it follows from the inequalities (3.3) and (3.7) that 

oo 

\Sp{h){x)\< \MfXe)(x)\ 

£=k+2 

<c ±f JM* 

OO 

< C E [MB e )]- 1/9 \\fxe\\ Ll2 . 

l=k+2 

In the present situation, since B k C £^_2 with t > k + 2, then it follows from 
the inequality (3.9) that 

\Sp(f 3 )(x)\<C 



wi(Bfc)] Q / n [w 2 (Bfc)] 1 /9 



^ K(^)J ll/jftll^ • [w2{Bl _ 2)Y , q ■ [ Wl{Be _ 2 )}*/n 



X 

t=k+2 



<c- 



[w 1 (B k )]°/"[w 2 (B k )]V9 



oo /inn aS 1 /n+S 2 /q 

E M*<)] a/ 1/*IL. ' La 



X 

£=fe+2 



-2 



< C • 7 (u x 1a/ »r ,„ M1/q E [ U, l( B ')] a/n ||/X<|| L « • 



Furthermore, recall that < p < 1 , then for any x 6 Cfe , we have 

" ° ' K( J B fc )] Q /"[w; 2 (B fc )] 1 /JI / ll^' p (»i,»2)- 
Repeating the arguments used for the term V 2l we can also obtain 

I' 3 < c \\f\\ P kf-'( Wl , W2 y 

Combining the above estimates for J(, I 2 and 1$, and then taking the supremum 
over all A > 0, we finish the proof of Theorem 1.2. □ 
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4 Proofs of Theorems 1.3 and 1.4 



In order to prove the main theorems of this section, let us first establish the 
following results. 

Proposition 4.1. Let 0<f3<l, q = 2 and w G A Q2 with 1 < q 2 < q. Then 
for any j G Z + , we have 



SpMfiL* <c-v nq2/2 \\Mf)\ 



Proof. Since w G A 92 , then by Lemma 2.1, we know that for any (y,t) G 
w(B(y,2H)) =w(VB(y,t)) <C-2^w(B(y,t)) j = l,2,.... 



Therefore 



\Sp,2i(f)\\ L 2 



x—y\<2H 



dydt\ 
w{x)dx)[A p {f){y,t) 



2 dydt 



t n+l 



< C ■ 2 inq2 



\x-y\<t 



(x)dx\ (Ap{f){y,t)) 



'■dydt 



= C-2^\\Sp(f)\\ Z Ll . 
Taking square-roots on both sides of the above inequality, we are done. □ 

Proposition 4.2. Let 0<(3<l,2<q<oo and w G A q2 with 1 < q 2 < q. 
Then for any j G Z + , we have 

\\S p ^(f)\\ Ll <C-2^\\S^f)\\ Ll . 

Proof. For any j G Z + and < (3 < 1, it is easy to see that 

\\^0,2i(f) \\ L « w = \\Sf3,2i (/) 2 1| L ?/2- 

Since q/2 > 1, then by duality, we have 

||5/3, 2i(/) 2 || L 9/2 

= sup 



(4.1) 



<1 



= sup 

W r («/2)'<1 



/ 5,9.23 (f)(x) 2 b(x)w(x) dx 



= sup 



<9/2)' 



<1 



\x-y\<2H 



b(x)w(x)dx) (A p (f)(y,t)) 



'■dydt 



(4.2) 
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For w G A Q2 , we denote the weighted maximal operator by M w ; that is 

M w (f)(x) = sup — — ; - / \f(y)\w(y)dy, 
xeB w(B) J B 

where the supremum is taken over all balls B which contain x. Then, by Lemma 
2.1, we can get 

b(x)w(x)dx<C-2^w(B(y,t)) ■ — - f b(x)w{x)dx 

\x-y\<2H W{B{y,2n)) jB(y,2H) 

KC-V^wfBCy^)) inf M w (b)(x) 

x£B(y,2H) 



<C-V nq ^\ M w {b){x)w{x)dx. (4.3) 

J\x-y\<t 

Substituting the above inequality (4.3) into (4.2) and then using Holder's in- 
equality together with the l}^ 2 ^ boundedness of M w , we thus obtain 



(f?\\ L ^ <C-2^ sup 

Il fo ll(,/2,<<1 



S fj {f)(xfM w {b)(x)w(x)dx 



<C-2^\\SpU?\\ L ^ sup \\M w (b)\\ (q/2 y 
<C-2^\\S p {ff\\ jq/ , 



I 

This estimate together with (4.1) implies the desired result. □ 



C-2^\\Sff(f)\\ 2 Tg 



Proposition 4.3. Let < /3 < 1, 1 < g < 2 and w £ A q2 with 1 < q% < q. 
Then for any j G Z + , we have 

\\^,2i(f)\\ Ll <C-2^^\\S (f)\\ Ll . 

Proof. We will adopt the same method given in [17j . For any j G Z+, set 
A = {a: G M™ : Sp(f)(x) > A} and = {x G R" : (f)(x) > A}. We 
also set 

°a = H M " : > 2(^J. [w]Aq } 

Observe that w(Sl x ,j) < w(n* x ) + w(n x<j n (R"\ft*)). Thus, for any j G Z+, 

||^,2, (/) = / gA'-^^AjJdA 
Jo 

/>00 />00 

< / gA^ 1 u;(0 A )dA + / qX 9 ^ 1 w(p,\j n (!R n \fi A )) <iA 



I+II. 
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The weighted weak type estimate of M w yields 

I<C-2 jm?2 / q\ q - 1 w{n x )d\<C -V^WS^f)^ . (4.4) 
Jo 

To estimate II, we now claim that the following inequality holds. 

/ S flt2i (f)(x) 2 w(x)dx<C-2> n *> [ S (f)(x) 2 w(x)dx. (4.5) 
Js.™\n* x JR n \n x 

Assuming the claim for the moment, then it follows from Chebyshev's inequality 
and the inequality (4.5) that 



w 



Hence 



(n x ,j n (M. n \n* x )) < \- 2 f s 0i2i (f)(x) 2 w( x ) dx 

A2 A>j n(R™\f2*) 

<\- 2 [ S^ 2j {f){xfw{x)dx 

< C- V nq2 \- 2 [ S fi {f){x) 2 w{x)dx. 

,/R n \fK 



II < C ■ 2 J "« 2 / qX"- 1 (\- 2 f Sp(f)(x) 2 w{x) dx] dX. 

JO V JR"\n x / 



l \n A 

Changing the order of integration yields 

ll<C-2 jnq2 [ Sp(f){x) 2 ( [ q\ q - 3 d\)w(x)dx 

JK n \J\Sf,(f)(x)\ J 

<C-2> m »-2--\\S fl {f)\\ 9 Lt . (4.6) 
Z q m 

Combining the above estimate (4.6) with (4.4) and taking q-th root on both 
sides, we are done. So it remains to prove the inequality (4.5). Set r 2 j (R n \f2^) = 
U T 2J (x) and r(K"\ft A ) = |J T(x). For each given (y,t) G r 23 (M™\^), 

x£R n \Q A x€R n \Q A 

by Lemma 2.1, we thus have 

w(B(y, 2H) n (K"\^a)) < C ■ 2^w{B{y, t)). 

It is not difficult to check that w(B(y,t) n < w{B( 2 y ' ty) and r 23 (M"\0*) C 
r(R n \fi A ). In fact, for any (y, t) G Y 2J (R n \Q* x ), there exists a point x G 
such that (y,t) G r 2J (x). Then we can deduce 



w(B(y, t) n < w(B{y, 2H) n A ) 

= / xo A (z)w;(z)dz 

JB(v.2U) 
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Note that x e B(y, 2H) n (M™\0*). So we have 

w(B(y,t)nn x ) < [w] Aq2 ■2^w{B{y,t))M w { Xnx ){x) < 
Hence 

w(B(y, t)) = w{B(y, t) n fi A ) + w(B(y, t) n (R"\fi A )) 
<*lf +w ( % i )nr \fi x) ), 

which is equivalent to 

w(B(y,t)) <2-w(B(y,t)n(R n \n x )). 

The above inequality implies in particular that there is a point z 6 B(y,t) n 
(R"\0 A ) ^ 0. In this case, we have (y,t) E T(z) with z e R rl \^A, which implies 
r 23 (M"\0 A ) C r(K"\fi A ). Thus we obtain 

w(B(y, 2H) n (R n \fi£)) < C ■ 2^w(B(y, t) n (M"\0 A )) . 

Therefore 

Sp,2jtf){x) 2 w{x)dx 



<[[ ([ w(x)dx)Up(f)(y,t) 

JJr 2J -(l»\(lJ) V JB(y,23t)n(E"\0*) / v 

<C-2^ [[ (f w(x)dx)(Ap(f)(y,t)) 

J Jr(R n \n x ) V JS(y,t)n(R' I \nA) / v ' 

<C-2^ [ S p (f)(x) 2 w(x)dx, 



t n+l 

■dydt 



^\n x 

which is exactly what we want. This completes the proof of Proposition 4.3. □ 

We are now in a position to give the proofs of the main theorems. 
Proof of Theorem 1.3. From the definition of G\ t p, we readily see that 

t \ Xn ( .... .\ 2 dydt 



t n+l 

An 



dydt 



3 = 1 J0 J2] - 



<c 



H<\x-y\<2H V + \x - y\ J V ' / 

(4.7) 



S fj (f)(xr+J2^ Xn S P , 23 (f)(x) 

3 = 1 
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Let / G Kg' p (wi, W2)- We decompose /(x) = fi(x)+f2(x)+f 3 (x) as in Theorem 
1.1, then we have 

ife(/)ir*- ( ™) < ^ee [MB^r^GiAmkK^ 

i=i fcez 
= Ji + J 2 + J 3 - 

Note that A > max{g2,3} > max{<72, 2<l2/q} when </2 < <Z- Since u>2 G A g2 and 
1 < 92 < 9, then u> 2 G A q . Applying Propositions 4.1-4.3, Theorem A and the 
above inequality (4.7), we obtain 

lfe(/i)|U 2 < c(\\S,{ h )\\ L ^ +E2-^/ 2 ||^(/ 1 )|| L , 2 ) 
< C||/i|| L , ^i + ^2^ A ™ /2 [2 J "« 2/2 + 2 J ™' ?2/ ' ? ]") 
< C l|/i|L* • 

From the above estimate (4.8) and Lemma 2.1, it follows that 

Ji<cS[t«i(fl*)] a9 ' /B |fo(/i)||* la 

fcez 
fcez 



(4.8) 



< Cll f\\ p - 

For any j G Z+, z G C k , (y,t) G r 23 (x) and z G < \z\ < 2 e }DB{y,t) with 

£ < k — 2, then by a simple calculation, we can easily deduce 

t + 2H >\x-y\ + \y-z\>\x-z\> \x\ - |*l > y ■ 
Thus, by the previous inequality (3.1) and Minkowski's inequality, we get 

/ X 1/2 

■ 2 dydt \ 



\Sp,2j(fxe)(x)\ 



( sup \(fxe) * <Pt(y)\) 



r 23 (x) v vec fl 



t n+l 



< C 



< C 



7m / t_B / i/wi^^l 

V^iJTT ^|x-i/|<2ii ^-i<| z |<2^ r + / 

7<-i 



1/2 



<|z|<2* 



<C.2 3j "' 2 — 



l/(*)l<fe 



1=1 t 2n+1 



^1" \./2<-i<|z|<2< 



|/(z)|dz 



(4.9) 
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Moreover, by using Minkowski's inequality, (3.3) and (4.9), we obtain 

fc-2 

||<S/3,2'(/2)Xfc|U 2 ^ Z! \\ S P^(fxe)Xk\\ Ll2 

<C2^V(/ \M\dz)( f ^dx) 1/9 

<r 9 3 W 2 V M MM^ IIfy II 

Consequently 

j 2 < hi(^)] Qp/ "(ii^(/ 2 )x fe n^ 2 +£2-^ n^, 23 (h) Xk 11 L . y 

where the last inequality holds under our assumption A > 3. On the other hand, 
for any j G Z + , x G C fe , G r 23 (x) and z G {2^~ 1 < \z\ < 2 e }D B(y,t) with 

£ > k + 2, it is easy to verify that 

* + 2H > \x - y\ + \y - z\ > \x - z\ > \z\ - \x\ > M. 

Then it follows from the inequality (3.1) and Minkowski's inequality that 

2 , ,.\ V2 



t n+i I 



\SpMfXe)(x)\<C[ r f t~ n [ \f{z)\dz 2 ' Ul ' U ^ 

V£fz J\x-v\<2H J2'-i<\z\<2'- 

[ \m\dz)([ 



<C\ I \f(z)\dz \ I / V n - Q; S 



<C-2 3 ^ 2 ( [ H^-dz). (4.10) 

U2*-i<|z|<2« W J 



i<|z|<2* \A n 

Furthermore, by Minkowski's inequality, (3.3) and (4.10), we have 



e=k+2 



\ s P,2i(f3)Xk\\ L ^ < Z \\ S P,*(fXe)x 

[W2 

MB/)] 1 /* 



< r 9 3W2 V" K(gfc)] 1/<? n^, H 



l=k+2 
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Therefore 

1 ocpj 



h < cJ2 [MBk)] ap/n (\\Mfs)xk\\ Ll2 +E 2 ^ A " /2 ll^(/3)x fc || L ^ 

fcGZ ^ ™ 2 j=l 



v . t+2 [»2<B,)]V, 

where the last inequality also holds since A > 3. Following along the same lines 
as in Theorem 1.1, we can also show that 

J 2 ^ C \\f\\ P k--"( Wl , W2 ) 

and 

v 



J 3 ^ ^ll/llir?^,^)- 

Summing up the above estimates for Ji, J 2 and J 3 , we complete the proof of 
Theorem 1.3. □ 

Proof of Theorem 14. Let / G K*- P (wi, w 2 ). We set f(x) = f x {x) + f 2 (x) + 
as in Theorem 1.2, then for any given a > 0, we can write 

, p/<? 



a" • £ [ W i(S fc )]" P/ " W2 ({x e C fc : |^(/)(x)| > a}) 

fcGZ 
3 

E^'E [^(^^^({a; G C fc : I^Cf,)^)! > a/3})' 



< 

i=i fcez 

= Jj + J 2 + J3. 

Since A > max{<7 2 ,3} > max{<7 2 , 2q 2 /q} when q 2 < q. Applying Chebyshev's 
inequality, Lemma 2.1 and (4.8), we obtain 



^E^^r^iiMi^ 

^EM^r 7 !/**!!^ 

fcez 
< Cll f\\ P - 

For the term when a; G Cfe, then it follows from (4.7), (4.9), (3.3) and the 
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fact A > 3 that 

fc-2 



K (f2)(x)\ < ]T Kp(fXe)(x)\ 



t = -OG 

k — 2 / oo 

< c E (\Sp(fxt)(x)\+Y, 2 ~ jXn/2 \ s f^(fxi)(x) 

e=-oo ^ j=i 

S ^?>(X-.<,^ I/(2) K 

sc £ jff[«.W"ll/x<ll« 



For the last term J3, when a; e C/j, by using (4.7), (4.10), (3.3) and the fact 
that A > 3, we get 

00 

KAfs)(x)\< E fcC/x/X*)! 

OO y OO 

<c |^(/x.)w|+E 2 ^ A " /2 l^(/x.)w 

£=fe+2 ^ j = l 

<c( V /* l^"^)^ -^ fl + V 2^ A ™/ 2 ■ 2 3jn/2 

" ^ a -k-<w<* A £j 

00 

The rest of the proof is exactly the same as that of Theorem 1.2, and we finally 
obtain 

and 

Combining the above estimates for J[, J' 2 and J3, and then taking the supremum 
over all a > 0, we conclude the proof of Theorem 1.4. □ 
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